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material. The kinematics of the cross-sectional deformations are based on a Timoshenko type beam dis-
placement of the cross-sectional plane using Euler angles and two shear ﬁnite rotations coupled with
warping taken normal to the displaced plane. Also derived are the second order approximations to the
displacements, curvatures, twist and internal actions. The constitutive relationships for the internal
actions reveal new coupling terms between the bending moments, torsion and bimoment, which are
functions of the cross-sectional warping and shear deformations. New Wagner type nonlinear torsion
terms are derived which are functions of the warping of the cross-sectional plane, and are coupled to
the twisting and shear deformations of the cross-section. Solutions are determined for the lateral buck-
ling of a prismatic monosymmetric beam under pure bending and the ﬂexural–torsional buckling under
axial compression. For the ﬂexural–torsional buckling problem it is found that the Euler type column
buckling formula is consistent with Haringx’s column buckling formula while the torsional buckling for-
mula is different to conventional equations. The second variation of the total potential is also derived. The
effects of shear deformations are explored by examining the non-dimensional lateral buckling equation
for a simply supported beam.
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Thin-walled structural components are widely used in many
industries including aerospace, building, aircraft and shipbuilding.
It important that the nonlinear and stability response of these
structural components, be accurately modelled and estimated by
Mohareb and Dabbas (2003) and later Emre Erkmen and Mohareb
(2008) showed that shear deformations can be very important
when estimating the lateral buckling of a long column supporting
a short wide ﬂange cantilever. The inclusion of shear deformations
in the buckling analysis of axially loaded columns and sandwich
type columns with a soft shear core has received attention in the
literature. The major issue of contention involves the deﬁnition
of the constitutive relationship for the axial force and shear force
for one-dimensional beam theory. Two distinct methods for col-
umn buckling with shear have been presented, one essentially by
Engesser (1891) and the other by Haringx (1942). The controversy
has been discussed extensively by Zielger (1982), Reissner (1982),
Kardomateas and Dancila (1997), Bazˇant (2003), Bazˇant and
Beghini (2004, 2006), Bazˇant and Cedolin (1991), Beghini et al.
(2008), Aristizabal-Ochoa (2008), Blaauwendraad (2008). Attard010 Published by Elsevier Ltd. All r
: +61 2 9385 6139.
rd).(2003a,b) and Attard and Hunt (2008a,b) applied a ﬁnite strain
constitutive model derived from a hyperelastic formulation to
the problem of column and sandwich column buckling and was
shown to be consistent with Haringx’s approach and Reissner’s
proposal for beam actions Reissner (1972).
Several authors have extended the theory of lateral buckling and
nonlinear analysis of thin-walled beams to include shear deforma-
tions, including Chang et al. (1996), Lee et al. (submitted for publi-
cation), Machado (2008), Machado and Cortínez (2005a,b), Reissner
(1989), Sapountzakis and Mokos (2008) and Simo et al. (1984). Lee
et al. (submitted for publication) provided spatial stability theory
for shear-ﬂexible thin-walled beams using both the Engesser’s
and the Haringx’s buckling approach and compared the predictions.
Analytical solutions in dimensionless form were presented for the
spatial lateral buckling of simply supported thin-walled beams
having monosymmetric and non-symmetric cross-sections, and a
parametric study undertaken to compare the prediction using the
different approaches.
An outline of the contents of this paper is as follows. In Section
2, the kinematics for the lateral buckling problem are developed
using the Timoshenko beam analogy coupled with warping taken
to occur in a normal direction to the displaced cross-sectional
plane. The cross-sectional displacements without warping are ﬁrst
deﬁned using three ﬁnite Euler angles and two shear ﬁniteights reserved.
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sional behaviour of beams are often based on assuming a Hookean
constitutive relationship between Green’s strain tensor and its con-
jugate stress, the second Piola–Kirchhoff stress tensor. Attard
(2003a) showed that such a ﬁnite strain constitutive relationship
is incorrect when including shear deformations for an isotropic
material and that the constitutive relationship should be derived
from a consistent ﬁnite strain hyperelastic formulation. In Section
3, the hyperelastic constitutive relations for stresses and internal
actions are developed using the strain energy density for a com-
pressible isotropic neo-Hookean material proposed in Attard and
Hunt (2004). The constitutive relationships are developed using
Lagrangian physical stresses deﬁned with respect to the unwarped
displaced cross-sectional plane. Section 4 details the derivation of
the equations of equilibrium for elastic initially straight isotropic
prismatic beams under conservative loads, taking into account
the nonlinear effects of changes in geometry and bending shear.
The equilibrium equations derived are consistent with the equa-
tions presented by Reissner (1989) and the well-known vector rep-
resentation of the beam equilibrium equations. Terms normally
associated with the Wagner effect emerge from a consideration
of warping, and are coupled to the twisting and shear deformations
of the cross-section. The nonlinear theory presented can be used to
predict the static and stability response of thin-walled beams
when displacements are considered to be ﬁnite. Warping shear is
ignored here. A closed form solution for the problem of the lateral
buckling of a prismatic monosymmetric beam under pure bending
is presented in Section 5. Section 6 details the derivation for the
ﬂexural–torsional buckling of a simply supported prismatic beam
under axial compression. Expressions for the second variation of
the total potential are developed in Section 7. Generalised non-
dimensional lateral buckling equations for a simply supported
beam are developed in Section 8. Shear deformations are shown
to be important for short spans and beams with soft ﬂexible shear
rigidity. Finally, Section 9 provides a summary of the work in this
paper. Further detailed derivations needed to support the work in
this paper are presented in Appendices A,B,C,D,E,F.
2. Kinematics
Consider a straight prismatic beam with the materials lines
aligned with a Cartesian rectangular coordinate system with origin
at the centroid. Since the initial axis system is a Cartesian rectangu-
lar system there is no distinction between covariant and contravari-
ant tensor components. The longitudinal axis of centroids of the
undeformed beam is taken as the x or 1 axis. The cross-sectional
centroidal principal axes are taken as the y or 2 axis and the z orθ
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Fig. 1. Tangent base vectors at the shear centre.3 axis (refer to Fig. 1). Unit vectors in the direction of the coordinate
axes x, y & z are denoted by i1, i2 & i3. Under bending, axial, shear
and torsion deformations excluding warping, it is assumed that
the cross-sectional shape remains unchanged (undergoes no strain
within the cross-sectional plane). The Timoshenko beam hypothe-
sis is adopted with two shear angles of rotation.
We will ﬁrstly consider the case of no warping. The directions of
the tangent base vectors in the deformed state can be described
using Euler angles deﬁned as w, h & / as shown in Fig. 1. The Euler
angles are taken as functions of x only. The angle w is related to the
tortuosity of the deformed beam axis, see Love (1944). The angle h
is a bending rotation while / is a twisting angle taken here about
the shear centre with coordinates (ys,zs) and identiﬁed in Fig. 1.
The covariant tangent base vectors in the deformed state denoted
by g^i are deﬁned by:
g^i ¼ dj:i þ uj;i
 
gj ð1Þ
Here, i and j are indices which take values of 1, 2 or 3 and are associ-
ated with the x-, y- and z-axes, respectively, dji is the Kronecker delta,
gj are the covariant initial tangent base vectors in the undeformed
state ðg1 ¼ i1;g2 ¼ i2 & g3 ¼ i3Þ and uj;i represents the derivatives of
the uj displacement vector components with respect to the coordi-
nate corresponding to the index i. The convention is adopted where
a repeated index is used to imply summation. A bracketed index indi-
cates that the summation convention is suppressed. A scalar quantity
is denoted by a lowercase italic light symbol such as c or /. A bold
lower case symbol such asu is used to represent a vectorwhile a bold
capital symbol such as R is used to distinguish a second order tensor.
The rotation tensor denoted by the symbol R, rotates a given
vector v about an axis parallel to a normalised axis vector u
(u  u = 1) through an angle 0 6x 6 2p as depicted in Fig. 2. The
angle is deﬁned as positive using the right hand screw rule where
the thumb of the right hand is extended in the direction of the axis
vector u and the closing ﬁngers deﬁne a positive rotation. The rota-
tion vector R is given by:
R ¼ cosxIþ ½1 cosxu uþ sinxu ð2Þ
To describe the displacement of the cross-section, ﬁrst consider a
rotation of w about the unit vector i1 in the 1 or x-axis, such that
Rw ¼ coswIþ ½1 coswi1  i1 þ sinwi1 ð3Þ
Applying this rotation to the y- and z-axis gives:
b^ ¼ Rwi3 ¼  sinwi2 þ coswi3
h^ ¼ Rwi2 ¼ coswi2 þ sinwi3
ð4ÞO
v
u
Rv
ω
Fig. 2. Rotation tensor R.
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The vectors h^; b^
n o
are the {i2, i3} vectors rotated about the i1
through an angle of w. Consider next a bending rotation h about
the vector b^ such that
Rh ¼ cos hIþ ½1 cos hb^ b^þ sin hb^ ð5Þ
The unit vector i1 is rotated to n^ and the unit vector i2 rotated to t^,
such that
n^ ¼ Rhi1 ¼ cos hi1 þ sin hh^ t^ ¼ Rhh^ ¼  sin hi1 þ cos hh^ ð6Þ
Finally, a twist rotation / about the vector n^ taken through the
shear centre is applied, deﬁned by:
R/ ¼ cos/Iþ ½1 cos/n^ n^þ sin/n^ ð7Þ
so that the tangent base vectors within the displaced cross-sec-
tional plane g^2 & g^3ð Þ are expressed by:
g^2 ¼ R/ t^ ¼ sin/b^þ cos/t^ g^3 ¼ R/b^ ¼ cos/b^ sin/t^ ð8Þ
The vectors n^; t^ & b^ form a moving orthonormal triad frame. The
beam shear deformations can be characterised by two rotations of
the normal vector n^ about the vectors t^ & b^ that lie within the
plane of the cross-section. We select the ﬁrst shear rotation as uo
about the vector b^ and then a rotation ao about the vector t^. The
shear rotation tensors are then:
Ruo ¼ cosuoIþ ½1 cosuob^ b^þ sinuob^ ð9Þ
Rao ¼ cosaoIþ ½1 cosao ^t t^ sinaot^ ð10Þ
Applying the shear rotations, the tangent base vector g^1s taken at
the shear centre (y = ys,z = zs) is:
g^1s ¼ k1sRaoRuo n^
¼ k1s cosuo cosaon^þ sinuot^þ sinao cosuob^
 
¼ c^1n^þ c^2g^2 þ c^3g^3 ð11Þ
Here k1s is the stretch of the shear centre axis and c^1; c^2; c^3 are de-
ﬁned by
c^1 ¼ k1s cosuo cosao
c^2 ¼ k1s sinuo cos/þ k1s sinao cosuo sin/
c^3 ¼ k1s sinuo sin/þ k1s sinao cosuo cos/
ð12Þ
The term c^1 represents the axial stretch component in the normal
direction n^, while c^2 & c^3 are measures of the shear deformation
components taken in the tangent base vector directions in the de-
formed state, g^2 & g^3, respectively. At the shear centre axis, the
direction cosines (l1, l2, l3, m1, m2, m3, n1, n2 and n3) and the deriv-
atives of the displacement functions, can be derived from the fol-
lowing equations:
g^1s  i1 ¼ 1þ u1;1 ¼ k1sl1 ¼ k1s cos h cosuo cosao  sin h sinuoð Þ
g^1s  i2 ¼ u2;1 ¼ k1sm1 ¼ k1s sin h cosw cosuo cosaoð
þ cosw cos h sinuo  sinw cosuo sinaoÞ
g^1s  i3 ¼ u3;1 ¼ k1sn1 ¼ k1s sin h sinw cosuo cosaoð
þ sinw cos h sinuo þ cosw cosuo sinaoÞ
ð13Þg^2  i1 ¼ u1;2 ¼ l2 ¼  sin h cos/
g^2  i2 ¼ 1þ u2;2 ¼ m2 ¼  sinw sin/þ cosw cos/ cos h
g^2  i3 ¼ u3;2 ¼ n2 ¼ cosw sin/þ sinw cos/ cos h
ð14Þg^3  i1 ¼ u1;3 ¼ l3 ¼ sin h sin/
g^3  i2 ¼ u2;3 ¼ m3 ¼  sinw cos/ cosw sin/ cos h
g^3  i3 ¼ 1þ u3;3 ¼ n3 ¼ cosw cos/ sinw sin/ cos h
ð15Þ
In the above, u1, u2 & u3 are displacement functions in the x-, y- and
z-directions, respectively. The comma notion symbolises differenti-
ation with respect to the proceeding variable. In Eqs. (13)–(15), the
displacement components are taken at the shear centre
(y = ys,z = zs). Eq. (13) leads to the following:
1þ us;x ¼ k1sðcos h cosuo cosao  sin h sinuoÞ
v s;x ¼ k1sðsin h cosw cosuo cosao
þ cosw cos h sinuo  sinw cosuo sinaoÞ
ws;x ¼ k1sðsin h sinw cosuo cosao
þ sinw cos h sinuo þ cosw cosuo sinaoÞ
ð16Þ
where us(x) is the axial displacement of the shear centre and, vs(x)
and ws(x) are the displacements of the shear centre in the y- and z
-directions, respectively. The stretch of the shear centre axis k1s can
be written as:
k1s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ us;x Þ2 þ v2s;x þw2s;x
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c^1ð Þ2 þ c^2ð Þ2 þ c^3ð Þ2
q
ð17Þ
Eq. (16) can be rearranged thus
k1s cosuo cosao ¼ ð1þ us;x Þ cos hþ ðv s;x coswþws;x sinwÞ sin h
k1s sinuo ¼ ð1þ us;x Þ sin hþ ðvs;x coswþws;x sinwÞ cos h
k1s cosuo sinao ¼ v s;x sinwþws;x cosw
ð18Þ
with the shear angles deﬁned by
sinuo ¼
ð1þ us;x Þ sin hþ ðv s;x coswþws;x sinwÞ cos hﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ us;x Þ2 þ v2s;x þw2s;x
q
tanao ¼ vs;x sinwþws;x coswð1þ us;x Þ cos hþ ðvs;x coswþws;x sinwÞ sin h
ð19Þ
Expressions (18) and (19) give the normal and shear components of
the longitudinal stretch of the shear centre axis k1s, and the shear
angles in terms of the displacement derivatives us,x, vs,x & ws,x and
the Euler angles. The vector components in the x-, y- and z-direc-
tions, of the tangent base vector taken without shear deformations
(taken normal to the plane of the cross-section, see Eq. (6)) can also
be used to characterise the shear deformations by noting that
1þ us;x ¼ 1þ us;x  c1 ¼ k1s cos h
v s;x ¼ v s;x  c2 ¼ k1s sin h coswws;x ¼ ws;x  c3 ¼ k1s sin h sinw
ð20Þ
where us;x; vs;x & ws;x are the deﬂection derivatives taken without
shear deformations, c1, c2 & c3 are shear deformations and k1s is a
modiﬁed stretch deﬁned by:
k1s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ us;x
 2 þ v2s;x þ w2s;xq ð21Þ
Eq. (20) leads to the following equations, which relate the bending
angle and tortuosity angle at the shear centre:
cos h ¼ 1þ us;xk1s
sin h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w2s;x þ v2s;x
q
k1s
tanw ¼ ws;x
v s;x
ð22Þ
The geometric torsion or tortuosity of the shear centre axis is re-
lated to the derivative of the angle w with respect to x, and can
be derived from the above equations, hence:
dw
dx
¼ d
dx
tan1
ws;x
v s;x
 
¼ vs;x ws;xx  ws;xv s;xx
w2s;x þ v2s;x
ð23Þ
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dh
dx
¼ d
dx
tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w2s;x þ v2s;x
q
1þ us;x
0@ 1A
¼
v s;xv s;xx þ ws;x ws;xxð Þ 1þ us;xð Þ  us;xx w2s;x þ v2s;x
 
k21s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w2s;x þ v2s;x
q ð24Þ
Integrating Eqs. (14) and (15) leads to expressions for the displace-
ment functions, that is:
u1 ¼ usðxÞ þ ðy ysÞl2 þ ðz zsÞl3
u2 ¼ v sðxÞ þ ðy ysÞðm2  1Þ þ ðz zsÞm3
u3 ¼ wsðxÞ þ ðy ysÞn2 þ ðz zsÞðn3  1Þ
ð25Þ
The displacement function in vector form is:
u¼ us þ ðy ysÞ g^2  i2ð Þ þ ðz zsÞ g^3  i3ð Þ
¼ us þ ðy ysÞðsin/b^þ cos/t^ i2Þ þ ðz zsÞ
 ðcos/b^ sin/t^ i3Þ ¼ us þ~zb^þ ~yt^ ðy ysÞði2Þ  ðz zsÞði3Þ
ð26Þ
in which,
~z ¼ ðy ysÞ sin/þ ðz zsÞ cos/
~y ¼ ðy ysÞ cos/ ðz zsÞ sin/ ð27Þ
In the above, us is the displacement of the shear centre axis in space,
given by:
us ¼ usi1 þ v si2 þwsi3 ð28Þ2.1. Curvatures and torsion
The curvatures will be calculated with respect to the moving
triad orthonormal vector system n^; t^ & b^ deﬁned at the shear cen-
tre, as well as, the orthonormal frame n^; g^2 & g^3. The moving triad
orthonormal frame n^; t^ & b^ is analogous to a Darboux frame used
in the differential geometry of surfaces. The deformation curva-
tures with respect to the unit normal n^ at the shear centre are
given by:
j ¼ n^;x  g^2 ¼ dhdx cos/þ
dw
dx
sin h sin/ ð29Þ
j0 ¼ n^;x  g^3 ¼ dhdx sin/
dw
dx
sin h cos/ ð30Þ
The deformation torsion about the unit normal to the cross-section
with respect to the triad vectors n^; g^2 & g^3 is deﬁned by:
s ¼ g^3;x  g^2 ¼ d/dx þ
dw
dx
cos h ð31Þ
The curvatures can also be written with respect to the triad vectors
n^; t^ & b^. That is, the normal curvature is given by:
~j ¼ n^;x  t^ ¼ j cos/þ j0 sin/ ¼ dhdx ð32Þ
While the geodesic curvature is:
~j0 ¼ n^;x  b^ ¼ j sin/ j0 cos/ ¼ sin h dwdx ð33Þ
With respect to the triad vectors n^; t^ & b^, the relative or geodesic
torsion is deﬁned by
b^;x  t^ ¼ s d/dx ð34Þ
Eqs. (31)–(33) produce for the rate of change of the Euler angles:
dh
dx
¼ ~j dw
dx
¼ ~j
0
sin h
d/
dx
¼ s ~j
0
tan h
ð35ÞThe evolution of the Darboux type triad sets n^; t^ & b^ and
n^; g^2 & g^3 along the axis of the beam is governed by the equations:
n^;x ¼ ~jt^þ ~j0b^ t^;x ¼ ~jn^þ s d/dx
 
b^
b^;x ¼ ~j0n^ s d/dx
 
t^
n^;x ¼ jg^2  j0g^3 g^2;x ¼ jn^þ sg^3 g^3;x ¼ j0n^ sg^2
ð36Þ
These are associated with rotation vectors given by:
s d/
dx
 
n^ ~j0t^þ ~jb^ sn^þ j0g^2 þ jg^3 ð37Þ2.2. Covariant tangent base vectors
Using Eqs. (1) and (26), the covariant tangent base vector g^1 can
now be written in terms of the curvatures and torsion of the shear
centre axis as:
g^1 ¼ ½k1s cosuo cosao  ðy ysÞjþ ðz zsÞj0n^
þ k1s sinuo  s~zð Þt^þ k1s sinao cosuo þ s~yð Þb^
¼ c^1  ðy ysÞjþ ðz zsÞj0½ n^þ c^2  sðz zsÞ½ g^2
þ c^3 þ sðy ysÞ½ g^3 ð38Þ
It is convenient to split the longitudinal stretch into its normal and
shear components. These components of longitudinal stretch can be
derived from Eq. (38) and are:
g^1  n^ ¼ kn ¼ k1s cosuo cosao  ðy ysÞjþ ðz zsÞj0 ð39Þ
g^1  t^ ¼ kst ¼ k1s sinuo  s~z g^1  b^ ¼ ksb
¼ k1s sinao cosuo þ s~y ð40Þ
where kn is the normal component of longitudinal stretch while kst
& ksb are the tangential components of the longitudinal stretch, ta-
ken in t^ & b^ directions, respectively. The covariant tangent base
vectors within the plane of the displaced cross-section were deﬁned
in Eq. (8). Because we have assumed the cross-sectional shape does
not change during deformation, the following holds:
g^2  g^2 ¼ 1 g^3  g^3 ¼ 1 g^2  g^3 ¼ 0 ð41Þ
The ﬁrst invariant Ik and the Jacobian J of the system are therefore:
Ik  2 ¼ ðknÞ2 þ k1s sinuo  s~zð Þ2 þ k1s sinao cosuo þ s~yð Þ2
J ¼ kn ð42Þ
The Jacobian J is related to the ratio of the volume change. Here the
Jacobian is a function of the normal component of the longitudinal
stretch only.
2.3. Warping
Here we assume that warping of the cross-sectional plane is a
function of cross-sectional geometry, proportional to the deforma-
tion torsion and occurs about the unit normal to the cross-sectional
plane. Thus, we augment Eq. (26) to give the displacement vector
as:
u ¼ us  ðy ysÞ i2  sin/b^ cos/t^
 
 ðz zsÞ i3  cos/b^þ sin/t^
 
 sxðy; zÞn^ ð43Þ
where x(y,z) is a cross-sectional warping function. Note in the
above, us is now the displacement of the shear centre axis only if
the warping function is zero at the shear centre (the displacement
of the shear centre is us  sxðys; zsÞn^). In Appendix A, expressions
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isons can be made to other lateral buckling formulations which are
based on second order approximations. The covariant tangent base
vectors, which include warping, can now be derived from Eq. (43)
and are given by:
g^1x ¼ kn xs;xð Þn^ c^2  sðz zs þxjÞ½ g^2
þ c^3 þ sðy ys þxj0Þ½ g^3 ð44Þ
g^2x ¼ sin/b^þ cos/t^ sx;yn^ ¼ g^2  sx;yn^ ð45Þ
g^3x ¼ cos/b^ sin/t^ sx;zn^ ¼ g^3  sx;zn^ ð46Þ
The contravariant base vectors are:
Jg^1x ¼ n^þ s x2 t^þ s x3b^ ¼ n^þ sx;yg^2 þ sx;zg^3 ð47Þ
Jg^2x ¼ c^2 þ sðz zsÞð Þn^þ ðkn xs;xÞg^2
þ c^3sþ ðy ys þxj0Þs2
 
g^2x;z
þ c^2sþ ðz zs þxjÞs2
 
g^3x;z ð48Þ
Jg^3x ¼ c^3  sðy ysÞð Þn^þ ðkn xs;xÞg^3
þ c^2s ðz zs þxjÞs2
 
g^3x;y
þ c^3s ðy ys þxj0Þs2
 
g^2x;y ð49Þ
in which J is the volume invariant or Jacobian. The stretch of the
beam and the shear deformations are thus calculated as:
g^1x  g^1x ¼ ðk1Þ2 ¼ ðkn xs;xÞ2 þ c^2  sðz zs þxjÞ½ 2
þ c^3 þ sðy ys þxj0Þ½ 2 ð50Þg^2x  g^2x ¼ 1þ ðsx;yÞ2 g^3x  g^3x ¼ 1þ ðsx;zÞ2 g^2x  g^3x ¼ s2x;yx;z
ð51Þ
The cross-section no-longer remains planar because of warping. The
ﬁrst invariant Ik and the volume invariant J are updated to including
warping and are related to the deformations by:
Ik  2 ¼ ðkn xs;xÞ2 þ c^2  sðz zs þxjÞ½ 2
þ c^3 þ s y ys þxj0ð Þ½ 2 þ s2 x2;y þx2;z
 
ð52Þ
J ¼ kn xs;x þ s c^2x;y þ c^3x;z
 þ s2 x ð53Þ
in which
x ¼ x;zðy ys þxj0Þ x;yðz zs þxjÞ ð54Þ3. Hyperelastic constitutive relations for stresses and internal
actions
The strain energy density function U for a compressible isotro-
pic neo-Hookean material (see Attard and Hunt, 2004) is given by:
U ¼ 1
2
GðtrðC IÞ  2 ln JÞ þ 1
2
Kðln JÞ2 ð55Þ
Here, tr symbolizes the trace of a tensor and C is right Cauchy–
Green deformation tensor. The constitutive relationship for a hyper-
elastic material can be established for the second Piola–Kirchhoff
stress tensor P by (see Attard and Hunt, 2004):
P ¼ 2 oU
oC
¼ GI phC1 ph ¼ GK ln J ð56Þ
In the above, ph represents a hydrostatic stress.
A physical Lagrangian stress system is used here, deﬁned with
respect to the cross-sectional plane before warping and directionsdeﬁned by the moving orthonormal triad frame n^; t^ & b^. The
transformation between the second Piola–Kirchhoff stress tensor
components and the Lagrangian physical stresses can be estab-
lished using vector transformation. The normal stresses Snn are ta-
ken normal to the cross-sectional plane (in the direction n^) while
the tangential shear stresses Snb & Snt are taken within the cross-
sectional plane in the directions t^ & b^, respectively. The transfor-
mation between the second Piola–Kirchhoff stress tensor compo-
nents and Lagrangian stresses are therefore:
P11g^1x þP12g^2x þP13g^3x ¼ Snnn^þ Snt t^þ Snbb^ ð57ÞP12 ¼ Snnn^þ Snt t^þ Snbb^
 
 g^2x ð58ÞP13 ¼ Snnn^þ Snt t^þ Snbb^
 
 g^3x ð59Þ
and hence:
Snn ¼ P11g^1x  n^þP12g^2x  n^þP13g^3x  n^
¼ P11ðkn xs;xÞ P12sx;y P13sx;z
Snt ¼ P11g^1x  t^þP12g^2x  t^þP13g^3x  t^
¼ P11 k1s sinuo  sz
 þP12 cos/P13 sin/
Snb ¼ P11g^1x  b^þP12g^2x  b^þP13g^3x  b^
¼ P11 k1s sinao cosuo þ sy
 þP12 sin/þP13 cos/
ð60Þ
in which:
y ¼ ~yx~j0 z ¼ ~zþx~j ð61Þ
Incorporating the constitutive relations given in Eq. (56), expanding
to second order in terms of the deformations, we can write the con-
stitutive relations as:
Snn ¼ Eðkn xs;x  1Þ þ ðGþKÞ s c^2x;y þ c^3x;z
 þ s2 x 
Sn2 ¼ G c^2  sðz zs þx;y xjÞ
 
Sn3
¼ G c^3 þ s y ys x;z þxj0ð Þð Þ
ð62Þ
where G ¼ E2ð1þgÞ is the shear modulus, E ¼ 2GþK, K ¼ 2Ggð12gÞ is the
Lamé constant, E is the elastic modulus and g is the Poisson’s ratio.
The material parameter governing the normal stress is not the elas-
tic modulus E as would be expected for a uniaxial stress state, as the
displacements assumed restrain the dilation of the cross-section
shape (see Attard, 2003a; Attard and Hunt, 2008b). An approxima-
tion in beam theory is to replace E by E. The alternate shear stresses
Sn2 & Sn3 are taken in the g^2 & g^3 directions, respectively, as indi-
cated in Fig. 4. The s2 x term in Eq. (62) gives rise to terms which
are analogous to the Wagner effect although unlike conventional
beam theory, the Wagner effect here is related to the warping of
the section (see Alwis and Wang, 1996; Attard, 1986).
Integrating over the cross-sectional plane gives for the internal
actions:
N ¼
Z
A
Snn dA ¼ EA c^1 þ ysj zsj0  1ð Þ þ ðGþKÞAs zs~c2  ys~c3ð Þ
þ ðGþKÞðIpo  JtÞs2 ð63Þ
Qt ¼
Z
A
Snt dA¼ GAk1s sinuo Qb ¼
Z
A
Snb dA¼ GAk1s sinao cosuo
Q2 ¼ GAc^2 Q3 ¼ GAc^3
ð64ÞZM3 ¼
A
ySnn dA
¼ EIzz j b1s2
  ðGþKÞs Cyyc^2 þ Cyzc^3  ð65ÞM2 ¼
Z
A
zSnn dA ¼ EIyy j0  b2s2
 þ ðGþKÞs Czyc^2 þ Czzc^3  ð66Þ
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Z
A
Sn3ðy ys x;z þxj0Þ  Sn2ðz zs þx;y xjÞ
h i
dA
¼ GJtsþ 2GsðCxzj0 þ CxyjÞ þ GIxsððj0Þ2 þ j2Þ
ð67ÞZM- ¼
A
xSnn dA ¼ EIx s;x  Uxs2
  ðGþKÞs Cxyc^2 þ Cxzc^3 
ð68Þ
where Izz and Iyy are the second moment of areas about the y and z
axes, respectively, and Ipo is the polar second moment of area about
the shear centre, such that
Izz ¼
Z
A
y2 dA Iyy ¼
Z
A
z2 dA Ipo
¼
Z
A
ðy ysÞ2 þ ðz zsÞ2
h i
dA ð69Þ
In the above equations, M3 and M2 are the resultant bending
moments about the deformed g^3 & g^2 axes passing through the
centroid, respectively; Mt is the Saint Venant twisting moment
component about the unit normal to the cross-section; Mx is the
bimoment;Jt is the Saint Venant torsion constant, deﬁned by:
Jt ¼
Z
A
ðx;y þ z zsÞ2 þ ðx;z  yþ ysÞ2 dA ð70Þ
N is the axial force acting at the centroid and normal to the de-
formed cross-sectional plane in the direction n^, while Qt and Qb
are the shear force resultants acting at the shear centre in the direc-
tions t^ & b^, respectively. The shear forces Q2 & Q3 act in the direc-
tions, g^2 & g^3, respectively. Hence
8Q2 ¼ Qt cos/þ Qb sin/ Q3 ¼ Qt sin/þ Qb cos/ ð71Þ
The warping related geometric parameters are deﬁned by:
Cyy ¼
Z
A
yx;y dA Cyz ¼
Z
A
yx;z dA Czy ¼
Z
A
zx;y dA
Czz ¼
Z
A
zx;z dA Cxy ¼
Z
A
xx;y dA Cxz ¼
Z
A
xx;z dA ð72Þ
Using the de Saint-Venant (1855) theory of torsion as detailed in
Love (1944), the following integral can be evaluated as (see also
Appendix B):Z
A
xdA ¼
Z
A
½x;zðy ysÞ x;yðz zsÞdA ¼ Ipo  Jt ð73Þ
The other parameters are deﬁned by:
b1 ¼
R
A y xdA
EIzz
b2 ¼
R
Az xdA
EIyy
Ux ¼
R
Ax xdA
EIx
E ¼ E
GþK
ð74ÞZ
A
x;y dA¼ zsA
Z
A
x;z dA¼ysA
Z
A
xdA¼ 0
Z
A
yxdA¼ 0
Z
A
zxdA¼ 0
ð75Þ
Appendix B examines the expressions for the parameters in
Eq. (74) for thin-walled open beams. The geometric parameters
in Eq. (72) also appear in Chapter 10 of Vlasov (1959). We can give
physical meaning to these warping related geometric parameters
by considering the expressions for the shear stresses in Eq. (62)
and restricting our attention to torsion only, hence we have for
Sn2 & Sn3:
Sn2 ¼ Gsðz zs þx;y xjÞSn3 ¼ Gsðy ys x;z þxj0Þ ð76ÞThe following resultants of the product of the shear stresses Sn2
with the coordinates y, z, x are thenR
A zS
n2 dA
Gs ¼
Z
A
zðz zs þx;y xjÞdA ¼ Iyy þ Czy ð77ÞR
A yS
n2 dA
Gs ¼
Z
A
yðz zs þx;y xjÞdA ¼ Cyy ð78ÞR
AxS
n2 dA
Gs ¼
Z
A
xðz zs þx;y xjÞdA ¼ Cxy  Ixj ð79Þ
We see that the warping related geometrical parameters are related
to the distribution of the shear stresses due to torsion. By examining
a state of loading which consists of only an axial force and bending
moment internal actions (no twisting moment), the following
expressions are derived in Appendix C:
Cyy ¼
Z
A
yx;y dA ¼ 0 Cyz ¼
Z
A
yx;z dA ¼ Izz
Czy ¼
Z
A
zx;y dA ¼ Iyy Czz ¼
Z
A
zx;z dA ¼ 0 ð80Þ
For a loading state that only involves torsion, the nonlinear consti-
tutive equations, (63)–(68) and a consideration of equilibrium, indi-
cate that there would be nonlinear axial shortening and bending
curvature under torsion (see Attard, 1986). Appendix D contains
the derivation of the nonlinear axial shortening and bending curva-
ture effects under a loading of only torsion.
4. Virtual work
The virtual work dW in terms of the second Piola–Kirchhoff
stress tensor is given by:
dW ¼
Z
V
1
2
trðPdCÞdV þ dWE ð81Þ
with V being the volume in the undeformed state, kinematically
admissible variations denoted by the symbol d and the variation
of the external work denoted by dWE. In component form, the trace
term in Eq. (81) is
1
2
trðPdCÞ ¼ 1
2
Pijdg^ij ¼ Pijg^i  dg^j
¼ P11g^1x þP12g^2x þP13g^3x
   dg^1x
þ P21g^1x þP22g^2x þP23g^3x
   dg^2x
þ P31g^1x þP32g^2x þP33g^3x
   dg^3x ð82Þ
For beam theory, we ignore the terms associated with P22, P23 &
P33, incorporating Eqs. (57)–(59) and taking account of the symme-
try of the stress tensor gives:
1
2
trðPdCÞ ¼ P11g^1x þP12g^2x þP13g^3x
   dg^1x
þP12g^1x  dg^2x þP13g^1x  dg^3x
¼ Snnn^þ Snt t^þ Snbb^
 
 dg^1x
þ Snnn^þ Snt t^þ Snbb^
 
 g^2x
h i
g^1x  dg^2x
þ Snnn^þ Snt t^þ Snbb^
 
 g^3x
h i
g^1x  dg^3x ð83Þ
Substituting Eqs. (44), (45), (46), (47), (48), (49) and (53), taking the
variations, assuming that ðknxs;xÞJ  1, integrating over the area,
incorporating Eqs. (63)–(68) and using the condition that
Sntk1s sinao cosuo ¼ Snbk1s sinuo ð84Þ
reduces the virtual work equation to:Z L
0
Nd c^1 þ ysj zsj0ð Þ þ Q2dc^2 þ Q3dc^3
þM2dj0 þM3djþ ðMt þMwagnerÞdsþMxds;x
	 

dxþ dWE
ð85Þ
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Mwagner ¼
Z
A
Snn c^2x;y þ c^3x;z þ s x
  
dA ð86Þ
where Mwagner denotes what has been traditionally been associated
with the Wagner effect although here there are added shear terms
and the physical derivations have depended on the presence of
cross-section warping. Eq. (85) results in the following equilibrium
equations:
Qtk1s sinao cosuo ¼ Qbk1s sinuo ð87Þ
dN
dx
 Qt ~j Qb~j0 þ pn ¼ 0 ð88ÞdQt
dx
þ N~j Qb s
d/
dx
 
þ pt ¼ 0 ð89ÞdQb
dx
þ N~j0 þ Qt s
d/
dx
 
þ pb ¼ 0 ð90Þd eM1
dx
 eM2 ~j eM3~j0 þmn ¼ 0 ð91Þ
d eM3
dx
þ eM1~j0 þ eM2 s d/dx
 
þmb
¼ Nk1s sinuo  Qtk1s cosao cosuo
¼ ð1þ us;x ÞðPy coswþ Pz sinwÞ þ Pxðv s;x coswþws;x sinwÞ
ð92Þd eM2
dx
þ eM1~j eM3 s d/dx
 
þmt
¼Nk1s sinao cosuo þQbk1s cosao cosuo
¼ ð1þ us;x ÞðPy sinwþ Pz coswÞ þ Pxðv s;x sinwþws;x coswÞ
 
sech
ð93Þ
in which
eM1 ¼ Mt þMwagner  dMxdx ð94Þ
The terms Px, Py & Pz are internal force results taken in the x, y & z,
respectively. Eq. (87) is always zero if the constitutive relation (64)
is used. There are, therefore six equations of equilibrium. Eqs. (88)–
(90) represent the equilibrium of the rate change of the forces along
the member while Eqs. (91)–(93) represent the moment increment
equilibrium equations.
The internal action force vector p and resultant moment vector
m are deﬁned with components given in Eq. (63)–(68) and are
p ¼ Nn^þ Qt t^þ Qbb^ m ¼ eM1n^þ eM2 t^þ eM3b^
¼ Nn^þ Q2g^2 þ Q3g^3 ¼ eM1n^þM2g^2 þM3g^3 ð95Þ
in whicheM2 ¼ M2 cos/M3 sin/ NzseM3 ¼ M2 sin/þM3 cos/þ Nys ð96Þ
where
zs ¼ ys sin/þ zs cos/ ys ¼ ys cos/ zs sin/ ð97Þ
The distributed force and moment intensity vectors are depicted by
dp and dm, respectively, with components:
dp ¼ pnn^þ pt t^þ pbb^ dm ¼ mnn^þmt t^þmbb^
¼ pnn^þ p2g^2 þ p3g^3 ¼ mnn^þm2g^2 þm3g^3
ð98Þ
The well-known vector representation of the beam equilibrium
equations are:p;x þ dp ¼ 0
m;x þ g^1xðys; zsÞ  pþ dm ¼ 0
ð99Þ
The equilibrium equations developed in Eqs. (88)–(93) are consis-
tent with Eq. (99) and the equations presented by Reissner
(1989). In Eq. (99), g^1xðys; zsÞ is taken at the shear centre and the
warping of the shear centre has been assumed to be zero. The equi-
librium equations (87)–(93) can also be recast, in terms of the inter-
nal force and bending moment components taken about the
g^2 & g^3, hence:
Q2c^3 ¼ Q3c^2 ð100Þ
dN
dx
 Q2jþ Q3j0 þ pn ¼ 0 ð101ÞdQ2
dx
þ Nj Q3sþ p2 ¼ 0 ð102ÞdQ3
dx
 Nj0 þ Q2sþ p3 ¼ 0 ð103Þ
d eM1
dx
 ðM2  NzsÞjþ ðM3 þ NystÞj0 þmn ¼ 0 ð104ÞdðM3 þ NysÞ
dx
 eM1j0 þ ðM2  NzsÞsþm2 ¼ Nc^2  Q2c^1 ð105Þ
dðM2  NzsÞ
dx
þ eM1j ðM3 þ NysÞsþm3 ¼ Nc^3 þ Q3c^1 ð106Þ5. Lateral buckling of a simply supported prismatic
monosymmetric beam under pure bending
Consider a simply supported statically determinate beam of
length L under pure bending denoted byMo3 taken about the z-axis.
The initial conditions are that N, Qt, Qb = 0, the bending curvature is
constant given by jo ¼ Mo3EIzz, the initial stress state is S
nn
o ¼ M
o
3y
Izz
and
the initial stretch of the shear centre axis derived from Eq. (63) is
ko1s ¼ 1 ysjo. The buckling load can be established by looking at
the equilibrium equations (88)–(93) under small perturbations or
variations about the initial loaded state. The variation symbol d
will be used to indicate small perturbations. Firstly, since there
are no resultant internal forces at any cross-section under pure
bending if the problem is statically determinate, then under per-
turbations we have
) dN ¼ 0 dQt ¼ 0) duo ¼ 0 dQb ¼ 0) dao ¼ 0 ð107Þ
An important conclusion here is that there are no shear deforma-
tions and no shear forces, involved with the pure bending buckling
problem. Using the constitutive relations in Eqs. (66) and (67), Eqs.
(91) and (93) become:
dd eM1
dx
¼ EIyyjo Mo3
 
dj0 ð108Þ
EIyy
ddj0
dx
þ d eM1jo Mo3ds ¼ 0 ð109Þ
where
d eM1 ¼ GJtds EIxds;xx  Z
A
Mo3
Izz
y xð Þ
	 

dAds
¼ GJt Mo3Eb1
 
ds EIxds;xx ð110Þ
Differentiating Eq. (108) with respect to x and substituting into Eq.
(109) gives:
EIyy
EIyy
EIzz
 1
 
Mo3
d2d eM1
dx2
þ M
o
3
EIzz
d eM1 Mo3ds
¼ 0 Provided EIyy – EIzz ð111Þ
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ferential equation:
ds;xx
EIyyEIzz
1 EIyyEIzz
 
Mo3
Mo3E
b1
EIzz
 GJt
EIzz
 
Mo3
EIx
EIzz
24 35
þ ds;xxxx EIyyEIx
1 EIyyEIzz
 
Mo3
 dsMo3 1
GJt
EIzz
þM
o
3E
b1
EIzz
 
¼ 0 ð112Þ
The associated equation for the lateral curvature is:
dj0 ¼ M
o
3E
b1  GJt
 
ds;x þ EIxds;xxx
Mo3 1 EIyyEIzz
  ð113Þ
The solution to the standard differential equation Eq. (112), is then:
ds ¼ C1 sinðk1xÞ þ C2 cosðk1xÞ þ C3 sinhðk2xÞ þ C4 coshðk2xÞ
ð114Þ
dj0 ¼ ½C1 cosðk1xÞ  C2 sinðk1xÞk1ðfk21 þ eÞ þ ½C3 coshðk2xÞ
þ C4 sinhðk2xÞk2ðfk22 þ eÞ ð115Þ
ðk1Þ2 ¼ bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
p
2c
ðk2Þ2 ¼ bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
p
2c
ð116Þ
a ¼ Mo3
 2 GJt
EIzz
Mo3
Eb1
EIzz
 1
 
b ¼ EIyyEIzz
1 EIyyEIzz
  Mo3 Eb1EIzz  GJtEIzz
 
 Mo3
 2 EIx
EIzz
c ¼ EIyyEIx
1 EIyyEIzz
  e ¼ Mo3Eb1  GJt
Mo3 1 EIyyEIzz
  f ¼ EIx
Mo3 1 EIyyEIzz
 
ð117Þ
The boundary conditions for the simply supported beam are that d
j0 = 0 & ds,x = 0 at x = 0 & L. Using these boundary conditions, the
determinant of the system of resulting equations is then:
sinhðk2LÞ sinðk1LÞf 2ðk1Þ2ðk2Þ2 ðk1Þ2 þ ðk2tÞ2
h i2
¼ 0 ð118Þ
The solutions to the above equation are:
k1 ¼ npL k2 ¼
inp
L
b2  4ac ¼ 0 k1 ¼ 0 k2 ¼ 0 ð119Þ
where n is an integer. The appropriate equation for the buckling
moment ðEIyy – EIzzÞ is therefore:
ðk1Þ2 ¼ bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
p
2c
¼ np
L
 2
) c np
L
 4
 b np
L
 2
þ a ¼ 0
)
EIyyEIx
1 EIyyEIzz
  np
L
 4
þ Mo3
 2 GJt
EIzz
Mo3
Eb1
EIzz
 1
 
 EIyyEIzz
1 EIyyEIzz
  Mo3 Eb1EIzz  GJtEIzz
 
 Mo3
 2 EIx
EIzz
8<:
9=; npL 2 ¼ 0
ð120Þ
Eq. (120) is a cubic equation for the buckling moment and is inde-
pendent of any shear rigidity. Standard solutions are available for
the cubic problem. For the case of a cross-section with b1 ¼ 0, Eq.
(120) reduces to a quadratic equation with the classical solution.Mcr ¼
np
L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EIyy
1EIyyEIzz
  EIx npL 2 þ GJt r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 GJtEIzz  EIxEIzz npL
 2q EIyy < EIzz &GJt þ EIx npL 2  < EIzz
ð121Þ
For the case EIyy = EIzz, the relevant equations are again Eqs. (109)
and (108) which reduce to:
EIyy
ddj0
dx
þ d eM1 Mo3EIzz Mo3ds ¼ 0 ð122Þ
dd eM1
dx
¼ GJt Mo3Eb1
 
ds;x  EIxds;xxx ¼ 0 ð123Þ
Applying the boundary conditions and looking at the determinate of
the system of equations, non-trivial buckling moment solutions ex-
ist only for monosymmetric sections and are:
Mcr ¼ GJtEb1
;
GJt  EIzz
Eb1
;
GJt þ EIx npL
 2
Eb1
( )
EIyy ¼ EIzz ð124Þ
The ﬁrst two solutions in the above equation are independent of the
beam length and hence would indicate localised buckling at the sec-
tion where the moment reaches these critical values. Further dis-
cussion about localised torsional buckling can be found in Attard
and Lawther (1989). In the lateral buckling analysis of beams, sec-
ondary warping or thickness warping is usually ignored. For angle
and tee beams where the contour warping is zero, the secondary
warping is, however, small but ﬁnite. Secondary warping was
shown in Attard and Lawther (1989), to have a signiﬁcant effect
on the lateral buckling load of simply supported beams under mo-
ment gradient.
6. Flexural–torsional buckling of a simply supported prismatic
beam under axial compression
Consider a simply supported beam of length L, whose ends are
prevented from twisting but are free to warp and bend. The beam
is loaded with an axial force No applied at each end of the beam at
the position of the centroid causing only an axial initial stress
Snno ¼ N
o
A . There is therefore an initial axial deformation given by:
No ¼ EA c^o1  1
 
) c^o1 ¼ 1þ
No
EA
ð125Þ
The boundary conditions are:
djð0Þ ¼ djðLÞ ¼ 0 dj0ð0Þ ¼ dj0ðLÞ ¼ 0 ds;xð0Þ ¼ ds;xðLÞ ¼ 0
ð126Þ
Applying variations to the force equilibrium equations (101)–(103)
and incorporating the constitutive relationships (63) and (64) we
conclude the following:
ddN
dx
¼ 0 dc^1;x þ ysdj;x  zsdj0;x
 
¼ 0 ð127Þ
ddQ2
dx
þ Nodj ¼ 0 ) dc^2;x ¼ N
o
GA
dj ð128Þ
ddQ3
dx
 Nodj0 ¼ 0 ) dc^3;x ¼ N
o
GA
dj0 ð129Þ
Now turning to the variations of the equilibrium equations (104)–
(106), substituting the constitutive relations (65)–(68), incorporat-
ing Eqs. (86) and (94) and the above results, Eqs. (127)–(129), we
derive:
dd eM1
dx
þ Nozsdjþ Noysdj0 ¼ 0
) GJtds;x  EIxds;xxx þ No
ðIpo  JtÞ
A
ds;x þ Nozs 1 N
o
GA
 
dj
þ Noys 1
No
GA
 
dj0 ¼ 0
ð130Þ
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dx
 Nozsds ¼ Nodc^2  dQ2c^o1
) EIzzdj;xx þ Noð Þ2 EG 1
 
 No
 
dj ¼ Nozsds;x
ð131ÞdðdM2  dNzsÞ
dx
 Noysds ¼ Nodc^3 þ dQ3c^o1
) EIyydj0;xx þ ðNoÞ2
E
G
 1
 
 No
 
dj0 ¼ Noysds;x
ð132Þ
Eqs. (130)–(132) are differential equations in the three variables dj,
dj0 & ds. These equations are uncoupled if the shear centre coin-
cides with the centroid. Adopting here a similar technique used
by Vlasov (1959), we ﬁrst select the following eigenfunctions:
dj ¼ A sin npx
L
 
dj0 ¼ B sin npx
L
 
ds;x ¼ C sin npxL
 
ð133Þ
which satisfy the boundary conditions (126) and where A, B and C
are scalar coefﬁcients, and n is an arbitrary positive integer. Assum-
ing axial compression with No = P, substituting Eq. (133) into the
three Eqs. (130)–(132), the determinate of the resulting system of
equations is
EIzzþ P2 EG1
 þP  0 Pzs
0 EIyyþ P2 EG1
 þP  Pys
Pzs 1þ PGA
  Pys 1þ PGA  GJtþEIx npL 2P IpoJtð ÞA


¼0
ð134Þ
This leads to a ﬁfth order polynomial in P, which can be solved for
the critical buckling load. When the shear centre coincides with the
centroid, the buckling load is uncoupled and consists of either the
modiﬁed Haringx column buckling load PHar about either of the
principal axis y or z (see Attard and Hunt, 2008a), or the torsional
buckling load Px deﬁned below:d2W ¼
Z L
0
1
2 dNd c^1 þ ysj zsj0ð Þ þ 12 dQ2dc^2 þ 12 dQ3dc^3 þ 12 dM2dj0 þ 12 dM3dj
þ 12 dMtdsþ 12 dMxds;x þ Nod2 c^1 þ ysj zsj0ð Þ þ Qo2d2 c^2ð Þ þMo3d2j
þQo3d2 c^3ð Þ þMo2d2j0 þ 12
R
A S
nn
o dsd c^2x;y þ c^3x;z
 þ Snno xðdsÞ2 dA
2664
3775dx Z Z
S
q  d2udS ð139ÞPHar
EA
¼ 1
2 1 EG
  1	 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4n2Peuler
EA
1 E
G
 s !
ð135Þ
Peuler ¼ n
2p2EIzz
L2
or
n2p2EIyy
L2
ð136Þ
Px ¼
GJt þ n
2p2EIx
L2
r2po
r2po ¼
ðIpo  JtÞ
A
ð137Þd2W ¼
Z L
0
1
2 EA d c^1 þ ysj zsj0ð Þð Þ
2 þ 12GA dc^2ð Þ
2 þ 12GA dc^3ð Þ
2 þ 12 EIyyðdj0Þ2
þ 12 EIzzðdjÞ2 þ 12GJtðdsÞ2 þ 12 EIxðds;xÞ2 þ Nod2 c^1ð Þ
þ Mo3 þ Noys
 
d2j 12 d c^3ð Þds
 þ Mo2  Nozs  d2j0  12 d c^2ð Þds 
þQo2d2 c^2ð Þ þ Qo3d2 c^3ð Þ þ 12 No IpoJtA Mo3b1E Mo2b2E
 
dsð Þ2
2666664
3777775dx
Z Z
S
q  d2udS ð140ÞThe expression for the torsional buckling load Px is different to con-
ventional equations with the polar second moment of area replaced
by Ipo  Jt. As shown in Attard (2003a) torsional buckling is impos-
sible for a cross-section which does not warp such as circular sec-
tions with Ipo = Jt.7. Second variation of total potential/work
Closed form solutions for beams with moment gradient can only
be derived using approximate methods. Approximate solutions to
the buckling problem can be obtained by exploiting numerical
methods such as the Rayleigh–Ritz method or the ﬁnite element
method. Thesemethods can be used to determine the buckling load
by either manipulating the variation of the equilibrium differential
equations or by using the second variation of the total potential.
Appendix F contains the linearized lateral buckling equations for
a prismatic monosymmetric beam under transverse loading. A sta-
tic equilibrium conﬁguration is considered stable if the second var-
iation of the total potential with respect to all kinematically
admissible variations is positive deﬁnite. An analogous approach
based on the second variation of work was proposed by Bazˇant
and Cedolin (1991). The second variation of the total potential/work
is analogous to taking a variation of the equilibrium equations and
then applying the principle of virtual displacements transforming
the equilibrium equations into variational form, see Vlasov (1959).
The virtual work expression derived in Eq. (85) is rewritten
here:
dW ¼
Z L
0
Nd c^1 þ ysj zsj0ð Þ þQ2dc^2 þQ3dc^3
þM2dj0 þM3djþ ðMt þMwagnerÞdsþMxds;x
" #
dxþ dWE
ð138Þ
Consider a prismatic beam with conservative loads, which in the
unbuckled state has initial internal actions No; Qo2; Q
o
3; M
o
2 & M
o
3
and an initial longitudinal stress Snno ¼ N
o
A 
Mo3y
Izz
þ Mo2zIyy prior to instabil-
ity. The loading causes no torsion prior to buckling. The initial axial
deformation, bending curvature and shear deformations prior to
instability are not taken into account in this paper but are left for
future examination. Taking a variation of Eq. (138) and incorporat-
ing the initial conditions gives for the second variation of work. That
is:In the above, q is the vector of conservative surface tractions acting
on the boundary surface deﬁned by the domain S. Incorporating the
constitutive law from Eqs. (63)–(68), and using Eqs. 73, 74, 75 and
(80), we have:Using Eqs. (160), (161) and (158), we can write for the ﬁrst variation
of the deformation terms to ﬁrst order:
dj ¼ dx3;x dj0 ¼ dx2;x ds ¼ dx1;x ds;x ¼ dx1;xx
dc^1 ¼ dus;x dc^2 ¼ dc2 dc^3 ¼ dc3
ð141Þ
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der for consistency, that is:
d2j ¼ dx1dx2;x  dx3dus;xx  dx3;xdus;x
d2j0 ¼ dx1dx3;x  dx2dus;xx  dx2;xdus;x
d2c^2 ¼ dx1dc3 d2c^3 ¼ dx1dc2
d2c^1 ¼ 12 ðdx2Þ
2 þ dx2dc3 þ dx3dc2 þ
1
2
ðdx3Þ2
ð142Þ
d2u1 ﬃ ðy ysÞdx1dx2 þ ðz zsÞdx1dx3
 1
2
xðdx2;xdx3  dx2dx3;xÞ
d2u2 ﬃ 1
2
ðz zsÞdx2dx3  12 ðy ysÞ dx
2
1 þ dx23
 
þxdx1;xdx2
d2u3 ﬃ 1
2
ðy ysÞdx2dx3 
1
2
ðz zsÞ dx21 þ dx22
 
xdx1;xdx3
ð143Þ
The load potential expression is then:Z Z
S
q  d2udS ¼
Z Z
S
q1ðy ysÞdx1dx2 þ q1ðz zsÞdx1dx3  12 q1xðdx2;xdx3  dx2dx3;xÞ
þ 12 q2ðz zsÞ þ q3ðy ysÞ½ dx2dx3  12 q2ðy ysÞ dx21 þ dx23
 
 12 q3ðz zsÞ dx21 þ dx22
 þ ðq2xdx2  q3xdx3Þdx1;x
264
375dS ð144ÞHere, we consider conservative tractions, which produce only bend-
ing and shear (no bimoments or torsion prior to buckling), and are
applied either at the member ends or are uniformly distributed
along the length of the beam. Incorporating Eqs. (141) and (142)
into Eq. (140), and evaluating Eq. (144) at the boundaries gives:d2W ¼ 1
2
Z L
0
EAðdus;x þ ysdx3;x  zsdx2;xÞ2 þGAðdc2Þ2 þGAðdc3Þ2 þ EIyyðdx2;xÞ2
þEIzzðdx3;xÞ2 þGJtðdx1;xÞ2 þ EIxðdx1;xxÞ2 þ 2Qo2dc3dx1 2Qo3dc2dx1
þNo ðdx2Þ2 þ2dc3dx2 þ2dc2dx3 þ ðdx3Þ2
n o
 Mo3 þNoys
 
2dx1dx2;x þ 2dx3dus;xx þ 2dx3;xdus;x þ dc3dx1;x
 
þ Mo2 Nozs
 
2dx1dx3;x 2dx2dus;xx  2dx2;xdus;x  dc2dx1;x
 
þ No IpoJtA Mo3b1E Mo2b2E
 
dx1;xð Þ2
þqoyey dx21 þ dx23
 þ qozez dx21 þ dx22 
266666666666664
377777777777775
dxþ M
o
3 þNoys
 
dx1dx2  Mo2 Nozs
 
dx1dx3
þ 12Qo2ay dx21 þ dx23
 þ 12Qo3az dx21 þ dx22 
	 
L
0
ð145Þwhere qoy & q
o
z are transverse uniformly distributed loads acting
through the shear centre in the y- and z -directions, respectively,
and act at a distance, ey & ez, respectively, from the shear centre.
The terms ay & az refer to the distance in the y- or z-direction, respec-
tively, of the applied boundary forces whose line of action passes
through the shear centre. We can reduce Eq. (145) further by
restricting ourselves to the case of no initial axial force and ignoring
the axial displacement terms. Hence, Eq. (145) simpliﬁes to:d2W ¼ 1
2
Z L
0
GAðdc2Þ2 þGAðdc3Þ2 þ EIyyðdx2;xÞ2 þ EIzzðdx3;xÞ2 þGJtðdx1;x
þEIxðdx1;xxÞ2 þ 2Qo2ðdc3  dx2Þdx1 þMo3ð2dx1;xdx2  dc
2Qo3ðdc2 þ dx3Þdx1 Mo2ð2dx1dx3;x þ dc2dx1;xÞ
 Mo3b1E þMo2b2E
 ðdx1;xÞ2 þ qoyey dx21 þ dx23 þ qozez dx
2666648. Generalised non-dimensional lateral buckling equation
We now derive a generalised non-dimensional equation for the
lateral buckling of a prismatic simply supported monosymmetric
beam b2; zs ¼ 0
 
under either uniform bending or transverse load-
ing. The method adopted here follows that in Attard (1990). The
second variation of total potential for this problem is derived from
Eq. (146) and is:
d2W ¼ 1
2
Z L
0
GAðdc3Þ2 þ EIyyðdx2;xÞ2 þGJtðdx1;xÞ2 þ EIxðdx1;xxÞ2
þ2Qo2ðdc3  dx2Þdx1 þMo3ð2dx1;xdx2  dc3dx1;xÞ
Mo3b1Eðdx1;xÞ2 þ qoyeydx21
2664
3775dx
þ 1
2
Poyayd x
2
1 ð147Þ
with Poy being a transverse force applied in the y-direction at mid-
span and x1 being the twist at the mid-span. The following substi-
tutions are ﬁrstly made:
X ¼ x
L
Mo3 ¼ McrmðXÞ Qo2 ¼ 
Mcrm;X
L
dc3 ¼ c3hðXÞ dx1 ¼ x1gðXÞ dx2 ¼ x2f ðXÞ
ð148Þwhere m(X) is a function describing the bending moment distribu-
tion; x2 is the variation of the lateral bending rotation of a charac-
teristic point along the beam; c3 is the variation of the shear
rotation evaluated at a characteristic point; f(X), g(X) & h(X) are
functions describing the distribution of the deformations whichsatisfy the kinematic boundary conditions. The term Mcr refers to
the critical buckling moment. Substituting Eq. (148) into (147),
we have for the second variation of the total potential
1
2
x2 c3 x1½ 
EIyy
L C5 0 McrC6
0 GALC7 McrC4
McrC6 McrC4 C
264
375 x2c3
x1
264
375 ð149ÞÞ2
3dx1;xÞ
2
1 þ dx22

377775dxþ 12Qo2ay dx21 þ dx23 þ 12Qo3az dx21 þ dx22 
	 
L
0
ð146Þ
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C ¼ GJ
L
C2 þ EIx
L3
C1 McrL b

1E
C3 þ Poyaoy þ qoyLeoyC7
C1 ¼
Z 1
0
ðg;XXÞ2 dXC2 ¼
Z 1
0
ðg;XÞ2 dXC3
¼
Z 1
0
mðg;XÞ2 dXC4 ¼
Z 1
0
m;XghdX þ
Z 1
0
1
2
mhg;X dX
C5 ¼
Z 1
0
ðf;XÞ2 dXC6 ¼
Z 1
0
ðmgÞ;Xf dXC7
¼
Z 1
0
g2 dXC8 ¼
Z 1
0
h2 dX
ð150Þ
Setting the determinant of (149) to zero gives for the critical load:
McrLﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EIyyGJ
p ¼ A1p W	
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
W2 þ 4ð1þ K2A4Þð1þ SA6Þ
q 
2ð1þ SA6Þ ð151Þ
with the following deﬁned parameters:
K2 ¼ p
2EIx
GJL2
S ¼ p
2EIyy
GAL2
W ¼ b1EA3  ayA7  eyA8
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp2EIyy
GJL2
s
ð152ÞA1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C2C5
p
pC6
A3 ¼ C3pC6
ﬃﬃﬃﬃﬃ
C5
C2
s
A4 ¼ C1p2C2
A6 ¼ C
2
4C5
p2C26C8
A7 ¼ 4pC6
ﬃﬃﬃﬃﬃ
C5
C2
s
A8 ¼ 8C7pC6
ﬃﬃﬃﬃﬃ
C5
C2
s
ð153Þ
The non-dimensional shear parameter S ¼ p2EIyy
GAL2
was introduced by
Lee et al. (submitted for publication) to study parametrically the
inﬂuence of the shear stiffness on the lateral buckling load. For most
beam sections made of an isotropic homogenous material, the shear
parameter will be very small, varying between about 0.0001–0.1.
For example, the S parameter for a rectangular section with a Pois-
son’s ratio of 0.3 would be 2.14(b/L)2 where ‘‘b” is the width of the
section. The buckling coefﬁcients A1, . . .,A8 can be approximated by
solving the buckling problem numerically and integrating using the
derived eigenmode shape. Table 1 lists the buckling coefﬁcients
estimated using trigonometric functions, which satisfy the bound-
ary conditions and the Rayleigh–Ritz approach for three loading
conditions.Table 1
Buckling coefﬁcients.
Mcr A1 A3 A4 A6
Mcr 1 1 1 –
qoyL
2
8
1.13 0.53 1 0.66
PoyL
4
1.36 0.65 1 1.06To examine the importance of shear deformations during lateral
buckling, consider Eq. (151) but with the parameterW set to zero,
hence
McrLﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EIyyGJ
p ¼ A1p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ K2A4Þ
ð1þ SA6Þ
s
ð154Þ
We see that the shear parameter decreases the buckling capacity.
For a stiff shear rigidity GA or a long span the S parameter would
be much less than unity and shear deformations would have little
impact on the capacity. Only for very short spans with ﬂexible shear
rigidity would shear deformations have an impact on the buckling
capacity.
9. Summary
A consistent ﬁnite strain hyperelastic constitutive model for a
linearly elastic isotropic material was used to develop the equilib-
rium and buckling equations for the lateral buckling of a prismatic
straight beamwhich included shear deformations. Several assump-
tions were made and are summarised here.
 The cross-sectional shape was assumed to be maintained during
deformation.
 The stresses associated with maintaining the cross-sectional
shape P22, P23 & P33 were ignored.
 The assumed cross-sectional displacements were based on
three ﬁnite Euler angles and two shear ﬁnite rotations.
 Warping was taken normal to the displaced cross-section plane.
 The constitutive relations were derived assuming the volume
invariant J was close to unity.
 The constitutive relations were expanded to second order in
terms of the curvatures, torsion, shear rotations and stretch.
 The material parameter2G +Kwas replaced by the elastic mod-
ulus E.
 The deformation measure ðknxs;xÞJ was taken as close to unity.
Second order approximations to the displacements, curvatures
and twist were also derived. Lagrangian physical stresses were de-
ﬁned with respect to the unwarped displaced cross-sectional
plane. Because warping was taken normal to the displaced cross-
sectional plane, the constitutive relationships for the bending mo-
ments, torsion and bimoment revealed new coupling terms which
are functions of the cross-sectional warping and shear deforma-
tions. Terms normally associated with the Wagner effect were
derived from a consideration of warping and were coupled to the
twisting and shear deformations of the cross-section. A closed formA7 A8 Loading
– –
crM crM
– 0.92
ey
o
yq
1.11 –
ay
o
yP
Fig. 4. Direction of physical Lagrangian stresses.
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ric beam under pure bending was presented. An important conclu-
sion was that the lateral buckling load under pure bending for
simply supported boundary conditions, involves no shear. The ﬂex-
ural–torsional buckling problem under axial compression was also
solved. The Euler type column buckling formulas were consistent
with Haringx’s column buckling formula which included shear.
The torsional buckling formula was different to conventional equa-
tions with the polar secondmoment of area replaced by Ipo  Jt. The
torsional buckling formula agrees with Attard (2003a) where it
was shown that torsional buckling is impossible for a cross-section
which does not warp such as for a circular section. The second var-
iation of the total potential was also derived. The effects of shear
deformations were explored by examining the non-dimensional
lateral buckling equation for a simply supported beam. The lateral
buckling capacity of most isotropic prismatic straight beams are
unaffected by shear deformations. Shear deformations do become
important for short spans and soft ﬂexible shear rigidity. The effect
of pre-buckling deformations, warping shear and buckling under
torsional loading have not been examined in this paper but are
subjects for future work.
Appendix A. Second order approximation for displacement
components and internal actions
Here the expressions for the displacements and internal actions
will be truncated to second order so that comparisons can be made
to other lateral buckling formulations which are based on second
order approximations. Truncated expressions for the displace-
ments are also useful for ﬁnite element buckling formulations.
Consider Eqs. (20)–(22). The angles h & w can be written as:
h ¼ tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w2s;x þ v2s;x
q
1þ us;x
0@ 1A w ¼ tan1 ws;x
v s;x
 
ð155Þ
For small rotations v s;x; ws;xð Þ we also assert that the twist about the
1 axis is denoted by x1 such that approximately:
x1 ¼ /þ w ð156Þ
Also, we set:
us;x ¼ us;x x3 ¼ v s;x x2 ¼ ws;x ) c2 ¼ vs;x x3
c3 ¼ ws;x þx2 ð157Þ
Which for small rotations vs;x; ws;xð Þ represent rotations about the
z- and y-axes, respectively (see Fig. 3). The displacement compo-Fig. 3. Rotations at the shear centre.nents to second order in the 1, 2 & 3 directions are then obtained
from Eq. (43), that is:
u1 ﬃ us  ðy ysÞðx3ð1 us;xÞ x1x2Þ
þ ðz zsÞðx2ð1 us;xÞ þx1x3Þ
xðy; zÞ x1;x þ 12 ðx2;xx3 x2x3;xÞ
	 

u2 ﬃ v s  ðz zsÞ x1  12x2x3
 
 1
2
ðy ysÞ x21 þx23
 þxðy; zÞx1;xx2
u3 ﬃ ws þ ðy ysÞ x1 þ
1
2
x2x3
 
 1
2
ðz zsÞ x21 þx22
 xðy; zÞx1;xx3
ð158Þ
The shear angles uo & ao and shear deformations c^2 & c^3 can also be
approximated using Eqs. (18) and (19), by:
uo ﬃ
c2x3  c3x2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2Þ2 þ ðx3Þ2
q ao ﬃ c2x2 þ c3x3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2Þ2 þ ðx3Þ2
q ð159Þ
c^1 ¼ k1s cosuo cosao ﬃ 1þ us;x þ
1
2
ðx2Þ2 þx2c3 þx3c2 þ
1
2
ðx3Þ2
c^2 ¼ k1s sinuo cos/þ k1s sinao cosuo sin/ ﬃ c2 þ c3x1
c^3 ¼ k1s sinuo sin/þ k1s sinao cosuo cos/ ﬃ c3  c2x1
ð160Þ
Likewise, the curvature and torsion deﬁned above in Eqs. (29)–(31),
can also be approximated.
j ﬃ x3;x ð1 us;xÞ x1x2;x x3us;xx
j0 ﬃ x2;x ð1 us;xÞ þx3;xx1 x2us;xx
s ﬃ x1;x þ 12 ðx3x2;x x2x3;x Þ
ð161Þ
The constitutive relationships (63)–(68) can be simpliﬁed to second
order terms as:
N ﬃ EA
ð1 ysx3;x þ zsx2;xÞus;x x2;xðysx1 þ zsÞ
x3;xðzsx1  ysÞ þ 12 x22 þx23
 
þx2ðc3 þ zsus;xxÞ þx3ðc2  ysus;xxÞ
0B@
1CA
þðGþKÞAðzsc2  ysc3Þx1;x þ ðGþKÞðIpo  JtÞx21;x
ð162Þ
Fig. 5. Cross-section of a thin-walled beam showing curvilinear proﬁle coordinate
system.
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M3 ﬃ EIzz ð1 us;xÞx3;x x2;xx1 x3us;xx  b1x21;x
 
 ðGþKÞx1;xðCyyc2 þ Cyzc3Þ
M2 ﬃ EIyy ð1 us;xÞx2;x þx3;xx1 x2us;xx  b2x21;x
 
þ ðGþKÞx1;xðCzyc2 þ Czzc3Þ
ð164Þ
Mt ﬃ GJt x1;x þ
1
2
ðx3x2;x x2x3;x Þ
 
þ 2GðCxzx1;xx2;x
þ Cxyx1;xx3;xÞ ð165Þ
M- ﬃ EIx x1;xx þ 12 ðx3x2;xx x2x3;xx Þ  U

xx
2
1;x
 
 ðG
þKÞx1;xðCxyc2 þ Cxzc3Þ ð166Þ
The expression for the Wagner component of the twisting moment
Mwagner, Eq. (86), can be reduced to second order using Eqs. (160),
(161), (72), (75) and (80), as well as the expression for the normal
stress in Eq. (188). Hence:
Mwagner ﬃ E M3b1 M2b2 þMxUx
 þ N Ipo  Jt
A
 
 x1;x þ 12 x3x2;x x2x3;x
  
 M2  Nzs þMxCxyIx
 
ðc2 þx1c3Þ
 M3 þ Nys þ
MxCxz
Ix
 
ðc3 x1c2Þ ð167ÞAppendix B. Monosymmetric parameters for a thin-walled open
beam
Consider a thin-walled open proﬁle as shown in Fig. 5. The mid-
dle surface of the cross-section denotes the contour of the cross-
section. A curvilinear coordinate system p, n is shown, where p is
the proﬁle coordinate measured from a pole D on the middle sur-
face and n is the normal thickness coordinate. The wall thickness is
t(p). The angle between the tangent at the contour and the positivez-axis is denoted by a. The magnitude of the perpendicular distance
from the tangent at the contour, to the shear centre (see Fig. 5) is
represented by:
hðn; pÞ ¼ nþ hð0;pÞ ¼ ðy ysÞ cosa ðz zsÞ sina ð168Þ
The magnitude of the perpendicular distance from the normal at the
contour to shear centre is given by:
rðpÞ ¼ ðy ysÞ sinaþ ðz zsÞ cosa ð169Þ
From Eqs. (168) and (169) the rectangular coordinates can be ex-
pressed in terms of the curvilinear coordinates as:
ðy ysÞ ¼ hðn; pÞ cosaþ rðpÞ sina
ðz zsÞ ¼ hðn; pÞ sinaþ rðpÞ cosa
ð170Þ
The radial distance R from the shear centre to the any point within
the cross-section can be written in either the curvilinear coordinate
system or the rectangular system, that is:
R2 ¼ rðpÞ2 þ hðn;pÞ2 ¼ ðy ysÞ2ðz zsÞ2 ð171Þ
The warping function for a thin-walled open member (Attard, 1984)
is given by
xðn; pÞ ¼
Z p
D
hð0;pÞdp nrðpÞ ð172Þ
Consisting of a contour warping term
R p
D hð0;pÞdp and a thickness
warping term nr(p). The function x deﬁned in Eq. (54) can be sim-
pliﬁed using Eqs. (170) and (171), and assuming that the thin-
walled cross-section is composed of straight elements so that
da
dp ¼ 0, we can write:
x ¼ x;zðy ysÞ x;yðz zsÞ
¼ hðn;pÞðx;z cosaþx;y sinaÞ þ rðpÞðx;z sinax;y cosaÞ
¼ hðn;pÞx;p  rðpÞx;n
¼ hðn;pÞ hð0;pÞ 1 nda
dp
 
 n
 
þ rðpÞ2
¼ hðn;pÞ2 þ rðpÞ2  2nhðn; pÞ
¼ R2  2nhðn;pÞ ð173Þ
Integrating over the area gives:Z
A
xdA ¼
Z
A
½R2  2nhðn; pÞdA ¼ Ipo  Jt ð174Þ
Note for a thin-walled open section the torsion constant is deﬁned
by Jt ¼
R
A 2nhdA.
The parameters deﬁned in Eq. (74) can be determined using Eq.
(173), therefore:
EIzzb

1 ¼
Z
A
y xdA ¼
Z
A
yðR2  2nhÞdA
¼
Z
A
y3 þ yz2 dA 2Izzys
 

Z
A
2nhðh cosaþ r sinaþ ysÞdA
¼
Z
A
y3 þ yz2 dA 2Izzys
 
 ysJt 
Z
A
2nhðh cosaþ r sinaÞdA ð175Þ
The term in brackets relates to the conventional deﬁnition for the
monosymmetric parameter b1.
b1 ¼
1
2Izz
Z
A
y3 þ yz2 dA ys ð176Þ
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EIyyb

2 ¼ 
Z
A
z3 þ y2zdAþ 2Iyyzs
 
þ zsJt
þ
Z
A
2nhðh sinaþ r cosaÞdA
EIxU

x ¼
Z
A
xR2 dAþ
Z
A
2nhxdA
ð177ÞAppendix C. Wagner twisting moment
Eq. (86) for the twisting moment produced by the normal stres-
ses is rewritten here:
Mwagner ¼
Z
A
Snn c^2x;y þ c^3x;z þ s x
  
dA ð178Þ
We can derive certain equations to be satisﬁed by the warping func-
tion by examining this expression. Consider the case of normal
stresses only involving an axial force N at the centroid and variable
bending about the z-axis at the shear centre,M3 which only causes a
transverse and axial displacement of the shear centre. There will
also be a shear Q2 associated with the variable bending moment
M3 and thus, c^2 – 0c^3 ¼ 0ð Þ. Hence, there must be bending about
the centroidal y axis of M2 = Nzs. The normal stress is then given by
Snn ¼ N
A
M3y
Izz
þ Nzsz
Iyy
ð179Þ
Substituting this into the second order twisting moment deﬁned in
Eq. (178) and assuming that this should be zero, we have:
Mwagner ¼ c^2 NzsIyy Iyy þ
Z
A
zx;y dA
  
 c^2 M3Izz
Z
A
yx;y dA ¼ 0
ð180Þ
Using Eq. (75) we can conclude thatZ
A
yx;y dA ¼ 0
Z
A
zx;y dA ¼ Iyy ð181Þ
Similarly, by considering bending about the y-axis we can conclude:Z
A
zx;z dA ¼ 0
Z
A
yx;z dA ¼ Izz ð182ÞAppendix D. Nonlinear axial shortening and bending under
torsion
Consider the case of a beam under pure torque, where there is
no resultant axial force, bending moments or shear forces, but only
a twisting moment. From Eqs. (63)–(68), we have:
N ¼ EA k1s þ ysj zsj0  1ð Þ þ ðGþKÞðIpo  JtÞs2 ¼ 0
M3 ¼ EIzz j b1s2
  ¼ 0
M2 ¼ EIyy j0  b2s2
  ¼ 0
M- ¼ EIx s;x  Uxs2
 
Mt ¼ GJts Q2 ¼ 0 Q3 ¼ 0
ð183Þ
Therefore, there must be nonlinear second order axial shortening
and curvatures induced in the beam given by:
j ¼ b1s2 j0 ¼ b2s2
k1s  1 ¼ ðIpo  JtÞEA  ysb

1 þ zsb2
	 

s2 ð184ÞUsing the above and Eqs. (32) and (33) we can relate the torsion to
the deﬂections in the axial, as well as transverse y- and z-directions,
hence:
j sin/ j0 cos/ ¼ sin h dw
dx
) b1 sin/ b2 cos/
 
s2 ¼ v s;x ws;xx  ws;xvs;xx
k1s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w2s;x þ v2s;x
q ð185Þ
jcos/þj0 sin/¼ dh
dx
) b1 cos/þb2 sin/
 
s2 ¼
vs;xv s;xxþ ws;x ws;xxð Þ 1þ us;xð Þ us;xx w2s;xþ v2s;x
 
k21s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w2s;xþ v2s;x
q
ð186ÞAppendix E. Expression for normal stress
Using Eqs. (62)–(68), we can write the expression for the nor-
mal stress as
Snn ¼ N
A
M3y
Izz
þM2z
Iyy
Mxx
Ix
þ E yb1 þ zb2 xUx
 
s2
þ ðGþKÞs zsc^2  ysc^3ð Þ  ðGþKÞ
Ipo  Jt
A
	 

s2
 ðGþKÞys
Izz
Cyyc^2 þ Cyzc^3
  ðGþKÞzs
Iyy
Czyc^2 þ Czzc^3
 
 ðGþKÞxs
Ix
Cxyc^2 þ Cxzc^3
 
þ ðGþKÞ sc^2x;y þ sc^3x;z þ s2 x
  ð187Þ
Using Eqs. (160), (161), (75), (72) and (80), the expression for the
normal stress can be reduced to second order as:
Snn ﬃ N
A
M3y
Izz
þM2z
Iyy
Mxx
Ix
þ E yb1 þ zb2 xUx
 ðx1;xÞ2
 ðGþKÞ Ipo  Jt
A
	 

ðx1;xÞ2 þ ðGþKÞ xðx1;xÞ2
h
þx1;xc2 zs þ zþx;y 
xCxy
Ix
 
þx1;xc3 ys  yþx;z 
xCxz
Ix
 

ð188ÞAppendix F. Linearized lateral buckling equations for a
prismatic monosymmetric beam under transverse loading
The buckling analysis of statically determinate prismatic
monosymmetric beams subjected to transverse loads such as con-
centrated forces, or uniformly distributed load, is analysed here by
developing the linearized governing equations. Firstly, the rela-
tionship between the axial force and shears with the internal force
resultants in the x-, y- and z-direction is determined and linearized.
Thus we have:
N ¼ Px cos hþ Py sin h coswþ Pz sin h sinw
ﬃ Px þ Pyx3  Pzx2 ð189ÞQ2 ¼ Px sin h cos/þ Pyðcos h cosw cos/ sinw sin/Þ
þ Pzðcos h sinw cos/þ cosw sin/Þ
ﬃ Pxx3 þ Py  Pzx1 ð190ÞQ3 ¼ Px sin h sin/þ Pyð cos h cosw sin/ sinw cos/Þ
þ Pzð cos h sinw sin/þ cosw cos/Þ
ﬃ Pxx2  Pyx1 þ Pz ð191Þ
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statically determinate to deal with the transverse force resultants
Px, Py, Pz rather than the internal actions. The equilibrium equations
(101)–(106) are now linearized to ﬁrst order in displacements,
hence:
dN
dx
 Q2x3;x þ Q3x2;x þ pn ¼ 0 ð192Þ
dQ2
dx
þ Nx3;x  Q3x1;x þ p2 ¼ 0 ð193Þ
dQ3
dx
 Nx2;x þ Q2x1;x þ p3 ¼ 0 ð194Þ
d eM1
dx
 ðM2  NzsÞx3;x þ ðM3 þ NysÞx2;x þmn ¼ 0 ð195Þ
dðM3 þ NysÞ
dx
 eM1x2;x þ ðM2  NzsÞx1;x þm3
¼ Nc2  ð1þ us;xÞQ2 ¼ Pxðc2 þx3Þ  Pyð1þ us;xÞ  Pzx1 ð196Þ
dðM2  NzsÞ
dx
þ eM1x3;x  ðM3 þ NysÞx1;x þm2
¼ Nc3 þ ð1þ us;xÞQ3
¼ Pxðc3 þx2Þ þ Pzð1þ us;xÞ  Pyx1 ð197Þ
Let us now consider a monosymmtric beam with transverse loading
Poy such that Px, Pz = 0 with bending about the z-axis producing M
o
3.
Eqs. (189)–(191) reduce to:
N ﬃ Pyx3 Q2 ﬃ Py Q3 ﬃ Pyx1 ð198Þ
Perturbations of the linearized equilibrium equations are consid-
ered. Eq. (196) becomes
dMo3
dx
¼ Poy ð199Þ
Substituting Eq. (198) and the constitutive relationship (163) into
the shear equilibrium equation in the lateral direction, Eq. (194),
becomes
Q3 ¼ Pyx1 ) GAdc3 ¼ Poydx1 ð200Þ
Incorporating the constitutive relationships (165) and (166) into the
twisting moment rate equilibrium equation (195) we have:
GJtdx1;xx  EIxdx1;xxxx þMo3dx2;x þmn
¼ d
dx
Eb1M
o
3dx1;x þMo3dc3
  ð201Þ
Substituting the constitutive law, Eq. (164) and making use of Eq.
(199), the lateral bending rate equilibrium equation (197) is then:
EIyydx2;xx  Mo3dx1
 
;x ¼ 0 ) dx2;x ¼
Mo3dx1
EIyy
þ C1 ð202Þ
where C1 is a constant of integration. Eq. (201) is now transformed
using the above equation and (200), resulting in an differential
equation in one displacement unknown:
GJtdx1;xx  EIxdx1;xxxx þMo3
Mo3dx1
EIyy
þ C1
 
þmn
¼ d
dx
Eb1M
o
3dx1;x Mo3
Poydx1
GA
" #
ð203Þ
This is similar to the classical lateral buckling equation with the
added term Mo3
Poydx1
GA due to a consideration of shear. We see that
if there is no transverse load Poy ¼ 0 as in the case of pure bending,this additional term would vanish in agreement with our earlier
derivation. Numerical solutions can be derived to Eq. (203).
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